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Abstract
In this paper, the basis states of the minimal left ideals of the complex
Clifford algebra Cℓ(8) are shown to contain three generations of Standard
Model fermion states, with full Lorentzian, right and left chiral, weak isospin,
spin, and electrocolor degrees of freedom. The left adjoint action algebra of
Cℓ(8) ∼= C(16) on its minimal left ideals contains the Dirac algebra, weak
isopin and spin transformations. The right adjoint action algebra on the other
hand encodes the electrocolor symmetries. These results extend earlier work
in the literature that shows that the eight minimal left ideals of C(8) ∼= Cℓ(6)
contain the quark and lepton states of one generation of fixed spin. Including
spin degrees of freedom extends Cℓ(6) to Cℓ(8), which unlike Cℓ(6) admits a
triality automorphism. It is this triality that underlies the extension from a
single generation of fermions to exactly three generations.
1 Introduction
The spinors of the complex Clifford algebra Cℓ(8) are used to represent three full
generations of Standard Model (SM) fermion states including spin and full SM inter-
nal symmetries. It was shown in [1] that the eight minimal left ideals of the algebra
of 8 × 8 complex matrices C(8) ∼= Cℓ(6) contains the 64 elementary fermion states
of one generation of fixed spin, inclusive of antiparticles. In this paper we show that
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including spin degrees of freedom extends Cℓ(6) to Cℓ(8). This is the first main re-
sult of the present paper. We then show that via the triality automorphism, which is
present in Cℓ(8) but not in Cℓ(6), we obtain exactly three full generations of fermion
states, rather than a single generation as with Cℓ(6). This is the second main result
of this paper.
The sixteen minimal left ideals of the 28 C-dimensional Clifford algebra Cℓ(8) can
be represented by sixteen column vectors in the isomorphic matrix algebra C(16)
of 16 × 16 matrices over the complex numbers C. The action of left and right
matrix multiplication differs. Left multiplication of a minimal left ideal column
matrix1 interchanges rows, and hence produces transformations within the minimal
left ideals themselves. In contrast, right multiplication of a minimal left ideal by
an arbitrary matrix in C(16) interchanges columns, and hence transforms between
different minimal left ideals. Symbolically we write:
Cℓ(8) ⊲ {P1, · · · , P16} ⊳ Cℓ(8), ↔ C(16) ⊲ {ρ(P1), · · · , ρ(P16)} ⊳ C(16), (1)
where Pi ∈ Cℓ(8) are the algebraic minimal left ideals and the ρ(Pi) ∈ C(16) are the
corresponding column vector matrix representations of Pi that come about through
the isomorphism Cℓ(8) ∼= C(16).
In this paper we interpret the basis states of these minimal left ideals as SM
leptons and quarks. Doing so requires that the left and right adjoint actions of Cℓ(8)
be interpreted physically. Such an interpretation for one generation of fermions with
fixed spin in terms of Cℓ(6), and its matrix isomorphism with C(8), was carried out
in [1]. The left adjoint action algebra Cℓ(6)L in that case turns out physically to cor-
respond to the tensor product Cℓ(4)Dirac⊗CCℓ(2)isospin, allowing for the identification
of basis states of an individual minimal left ideal with Lorentzian chiral indices. The
action of the Dirac algebra Cℓ(4)Dirac is reducible on C(8), and permutes the rows
of each ideal. It furthermore naturally splits each ideal into two four C-dimensional
spinors, whose left chiral components are permuted by the SU(2)L symmetry. The
right adjoint action algebra Cℓ(6)R on the other permutes between different ideals.
Its maximal totally isotropic subspace (MTIS) symmetry group is U(3), under which
the ideals transform as a color singlet, triplet, antisinglet, and antitriplet. The right
adjoint actions therefore account for the U(3)ec unbroken electrocolor gauge sym-
metries. A single generation of leptons and quarks with the desired SM symmetries
can therefore be represented in terms of the basis states of the minimal left ideals of
Cℓ(6).
We show that the extension of the above via the inclusion of spin degrees of
freedom, represented by the algebra Cℓ(2)spin generated from the su(2)spin generators,
1i.e. a square matrix with one nonzero column
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enlarges the left adjoint action algebra from Cℓ(6)L to Cℓ(8)L ∼= C(16), so that:
Cℓ(8) ⊲ {P1, · · · , P16}, ↔ C(16) ⊲ {ρ(P1), · · · , ρ(P16)}. (2)
The first eight rows of each minimal left ideal column corresponds to spin-up states
while the second set of eight rows in each minimal left ideal column corresponds
to spin-down states. The minimal left ideals of Cℓ(8) are algebraic pinors. The
algebraic spinors, which correspond to the physical states, are obtained by dis-
regarding the odd Clifford grade basis states. These spinors therefore reside in
Cℓ+(8) ∼= Cℓ(7) ∼= C(8)⊕C(8)2, and within each 8×8 block one finds what looks like
one generation of elementary fermion states of fixed spin. The left action subalgebra
Cℓ(7)Dirac+isospin+spin−z, which is Cℓ(6)Dirac+isospin taken together with the spin-z op-
erator acts irreducibly on 8×8 blocks, so that its action on C(8) extends to an action
on C(8) ⊕ C(8) via the direct sum. However the ladder spin operators in Cℓ(2)spin
do not preserve spinors, mapping them to pinors, and therefore to unphysical states.
The right action algebra on the other hand is the MTIS symmetry group of Cℓ(8).
This is the group U(4). The electrocolor subgroup U(3)ec ⊂ U(4) acts in a direct
sum manner, reducibly on 8 × 8 blocks, thus preserving the color charges of each
spinor. The remaining U(4) transformations map spinors into pinors. Therefore, the
restriction of MTIS symmetries that act on physical spinors is the electrocolor group
U(3)ec, acting irreducibly on each C(8) block in C(8)⊕ C(8).
A natural question is how to best extend these results from a single generation
to three. Although it is possible to represent three generations of fermion states
of fixed spin within a single copy of Cℓ(6) [2, 3], in that case the physical states
are no longer the basis states of minimal left ideals. Others have considered the
exceptional Jordan algebra J3(O) as a natural mathematical structure to describe
three generations of fermions [4, 5, 6]. Our approach presented here is different.
Unlike Cℓ(6), the spin-extended algebra Cℓ(8) admits a triality automorphism of its
associated group Spin(8). The two spinor representations and the fundamental vector
representation of this group are all eight-dimensional. Triality, which is a non-linear
automorphism of order three, permutes between these representations. We show that
it is this automorphism that extends our results from a single generation of fermions
to exactly three.
The study of Cℓ(8) spinors as physical quantum states is natural. The Hilbert
space forms a tensor algebra of states quotiented such that there is a norm. It
then follows that one must have a normed division algebra, of which there are only
four [7, 8]. Normed division algebras imply normed trialities, with associated spinor
2That is, a Cℓ(8) spinor is isomoprhic to a Cℓ(7) pinor.
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spaces restricted to C-dimensions n = 1, 2, 4 and 8 [9]. The role of division algebras
and Clifford algebras in particle physics has some history. In the 1970s the octonions
were related to the color symmetries of a generation of quarks [10, 11]. More recently
there has been a revived interest in using division algebras to construct a theoretical
basis for the SM gauge groups and the observed particle spectrum [12, 13, 14, 15, 16,
17, 18, 19, 20, 21, 22, 23]. For example, in [17], the algebra Cℓ(6), that also forms the
basis of [1], is derived from the left adjoint actions of the complex octonions C⊗ O
on themselves.
Sec.2 reviews the earlier work [1], of which the present paper constitutes a natural
extension. In Sec.3 we show how the inclusion of spin extends Cℓ(6) to Cℓ(8).
In Sec.4 the Cℓ(8) pinors and the right acting MTIS symmetry group U(4) are
set up, before demonstrating the emergence of three generations from the triality
automorphism in Sec.5. Finally, in Sec.6 the relationship between the results of the
present paper with those of an earlier three generation model in terms of complex
sedenions is discussed.
2 One generation of fermions from C(8) ∼= Cℓ(6)
We start with a brief review of some of the main results in [1], upon which the present
paper builds. The full details can be found in that work.
Starting with a Witt basis {qi, q†i }, i = 1, 2, 3 of Cℓ(6) generators that satisfy the
conditions:
q2i = (q
†
i )
2 = {qi, qj} = {q†i , q†j} = 0, {qi, q†j} = δij , (3)
together with a “vacuum” idempotent state p ≡ q1q2q3q†3q†2q†1 satisfying p2 = p and
qip = 0, a minimal left ideal P1 ∈ Cℓ(6) can be constructed in terms of the eight-
complex-dimensional basis3:
P1 : {p, q†23p, q†31p, q†12p, q†123p, q†1p, q†2p, q†3p}. (4)
The remaining seven minimal left ideals P2, · · · , P8 are likewise constructed with the
3As a shorthand notation we have q†ij ≡ q†i q†j and qijk ≡ qiqjqk e.t.c.
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following bases:
P2 : {p, q†23p, q†31p, q†12p, q†123p, q†1p, q†2p, q†3p}q32,
P3 : {p, q†23p, q†31p, q†12p, q†123p, q†1p, q†2p, q†3p}q13,
P4 : {p, q†23p, q†31p, q†12p, q†123p, q†1p, q†2p, q†3p}q21,
P5 : {p, q†23p, q†31p, q†12p, q†123p, q†1p, q†2p, q†3p}q321, (5)
P6 : {p, q†23p, q†31p, q†12p, q†123p, q†1p, q†2p, q†3p}q1,
P7 : {p, q†23p, q†31p, q†12p, q†123p, q†1p, q†2p, q†3p}q2,
P8 : {p, q†23p, q†31p, q†12p, q†123p, q†1p, q†2p, q†3p}q3.
One can subsequently write down a Cℓ(6) ∼= C(8) space of states in terms of the
complex-valued 8× 8 matrix:
(ρ(P1), ρ(P2), ρ(P3), ρ(P4), ρ(P5), ρ(P6), ρ(P7), ρ(P8)) (6)
where Pi ∈ Cℓ(6) ∼= C(8) ∋ ρ(Pi). Symbolically on the left, and literally on the right
we can express
∑8
i=1 ρ(Pi) as

1p1 1pq23 1pq31 1pq12 1pq321 1pq1 1pq2 1pq3
q
†
23
p1 q†
23
pq23 q
†
23
pq31 q
†
23
pq12 q
†
23
pq321 q
†
23
pq1 q
†
23
pq2 q
†
23
pq3
q
†
31
p1 q†
31
pq23 q
†
31
pq31 q
†
31
pq12 q
†
31
pq321 q
†
31
pq1 q
†
31
pq2 q
†
31
pq3
q
†
12
p1 q†
12
pq23 q
†
12
pq31 q
†
12
pq12 q
†
12
pq321 q
†
12
pq1 q
†
12
pq2 q
†
12
pq3
q
†
321
p1 q†
321
pq23 q
†
321
pq31 q
†
321
pq12 q
†
321
pq321 q
†
321
pq1 q
†
321
pq2 q
†
321
pq3
q
†
1
p1 q†
1
pq23 q
†
1
pq31 q
†
1
pq12 q
†
1
pq321 q
†
1
pq1 q
†
1
pq2 q
†
1
pq3
q
†
2
p1 q†
2
pq23 q
†
2
pq31 q
†
2
pq12 q
†
2
pq321 q
†
2
pq1 q
†
2
pq2 q
†
2
pq3
q
†
3
p1 q†
3
pq23 q
†
3
pq31 q
†
3
pq12 q
†
3
pq321 q
†
3
pq1 q
†
3
pq2 q
†
3
pq3


=


νR1 u
r
R1
u
y
R1
ub
R1
e¯L1 d¯
r¯
L1
d¯
y¯
L1
d¯b¯
L1
νR2 u
r
R2
u
y
R2
ub
R2
e¯L2 d¯
r¯
L2
d¯
y¯
L2
d¯b¯
L2
νL1 u
r
L1
u
y
L1
ubL1
e¯R1 d¯
r¯
R1 d¯
y¯
R1
d¯b¯R1
νL2 u
r
L2
u
y
L2
ub
L2
e¯R2 d¯
r¯
R2
d¯
y¯
R2
d¯b¯
R2
eL1 d
r
L1
d
y
L1
db
L1
ν¯R1 u¯
r¯
R1
u¯
y¯
R1
u¯b¯
R1
eL2 d
r
L2 d
y
L2
dbL2 ν¯R2 u¯
r¯
R2 u¯
y¯
R2
u¯b¯R2
eR1 d
r
R1
d
y
R1
db
R1
ν¯L1 u¯
r¯
L1
u¯
y¯
L1
u¯b¯
L1
eR2 d
r
R2 d
y
R2
dbR2 ν¯L2 u¯
r¯
L2 u¯
y¯
L2
u¯b¯L2


where the complex matrix elements of the right-hand side are suggestively labeled
to make obvious association with elementary fermion states. Here, the superscripts
refer to color, whereas the subscripts denote chiral indices. Notice also that the even
grade elements (composing spinors) compose the two diagonal 4× 4 blocks and the
odd grade elements compose the two off-diagonal 4×4 blocks. Writing out the third
minimal left ideal explicitly, for example, yields:
P3 = u
y
R1
pq31 + u
y
R2
q
†
23pq31 + u
y
L1
q
†
31pq31 + u
y
L2
q
†
12pq31
+ dyL1q
†
321pq31 + d
y
L2q
†
1pq31 + d
y
R1q
†
2pq31 + d
y
R2q
†
3pq31, (7)
where uyR1 ∈ C e.t.c. are complex numbers and pq31 e.t.c. are elements of P3 ∈ Cℓ(6).
The identification of the basis states of the ideals with specific quark and lepton states
in determined from the left and right adjoint actions of Cℓ(6) on the ideals.
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2.1 The left adjoint actions Cℓ(4)Dirac ⊗C Cℓ(2)isospin
Take a standard orthonormal basis {ei}, i = 1, · · · , 2n for Cℓ(2n), together with a
matrix representation {ρ(ei)} of C(2n) ∼= Cℓ(2n). To extend to a matrix representa-
tion C(2n+1) of Cℓ(2n+ 2) we can set4:
ρ(ei) −→ ρ(ei) ≡
(
ρ(ei) 0
0 −ρ(ei)
)
, ρ(e2n+1) ≡ ( 0 11 0 ) , ρ(e2n+2) ≡ ( 0 −ii 0 ) . (8)
Note that ρ(e2n+1) and ρ(e2n+2) are su(2) generators, with the third “z-component”
su(2) generator given automatically by −iρ(e2n+1)ρ(e2n+2). The su(2) generators
can therefore be used to generate a Cℓ(2) algebra. It follows that extending the
Dirac algebra Cℓ(4)Dirac, generated by Γµ, via the inclusion of isospin Ti ∈ su(2)L
generators, is equivalent to extending Cℓ(4)Dirac to Cℓ(6)Dirac+isospin via the tensor
product Cℓ(4)Dirac⊗C Cℓ(2)isospin5. Explicitly, the matrix representations for Γµ and
Ti are given by
ρ(Γ0) =
( 0 12 0 0
12 0 0 0
0 0 0 12
0 0 12 0
)
, ρ(Γi) =
( 0 σi 0 0
−σi 0 0 0
0 0 0 −σi
0 0 σi 0
)
, i = 1, 2, 3, (9)
where σi are the usual Pauli matrices
6 , and
ρ(T1) = 2i
(
0 0 0 0
0 0 12 0
0 12 0 0
0 0 0 0
)
, ρ(T2) = 2
(
0 0 0 0
0 0 −12 0
0 12 0 0
0 0 0 0
)
, ρ(T3) = 2i
(
0 0 0 0
0 −12 0 0
0 0 12 0
0 0 0 0
)
. (10)
Consider now the left action:
C(8) ⊲ ρ(Pi), i = 1, 2, 3, 4, 5, 6, 7, 8. (11)
Multiplying a minimal left ideal matrix representation from the left results in rows
being interchanged, but not columns. Hence left multiplications constitute transfor-
mations within an ideal. The left multiplication then allows for the identification of
basis states of an individual minimal left ideal with two sets of Lorentzian indices
{ℓ1, ℓ2, ℓ3, ℓ4} that each get further sub-divided into right chiral indices {R1, R2} and
left chiral indices {L1, L2}.
4where i = 1, · · · , 2n and the ρ(ei) inside the matrices are the matrix representations of the
smaller Clifford algebra.
5More details on the extension from the Cℓ(4) Dirac algebra to Cℓ(6) via the inclusion of weak
symmetry can be found in appendix B of [1].
6σ1 = ( 0 11 0 ) , σ2 =
(
0 −i
i 0
)
, σ1 =
(
1 0
0 −1
)
.
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2.2 The right adjoint actions U(3)ec
Next, consider the right action:
ρ(Pi) ⊳ C(8) i = 1, 2, 3, 4, 5, 6, 7, 8. (12)
When a minimal left ideal matrix representation is right multiplied by a square ma-
trix, the columns are interchanged rather than the rows. The right adjoint action
algebra Cℓ(6), having a maximal totally isotropic subspace (MTIS) symmetry group
U(3), transforms the columns of C(8) so that ρ(P1) transforms as a color singlet,
{ρ(P2), ρ(P3), ρ(P4)} transform as a color triplet, ρ(P5) transforms as an color anti-
singlet and the remaining minimal left ideals {ρ(P6), ρ(P7), ρ(P8)} transform as a
color anti-triplet. This corresponds to the color assignments r, y, b and r¯, y¯, b¯. The
U(1) electric charge operator acts from both left and right, unlike the SU(3) opera-
tors. The generators {ρ(Q), ρ(Λi)}, i = 1, · · · , 8 of the electrocolor MTIS symmetry
group U(3)ec are constructed from the matrices that are right multiplied onto the
minimal left ideals ρ(Pi). We write in symbolic form:
Cℓ(6)Dirac+isospin ∼= C(8) ⊲ {ρ(P1), · · · , ρ(P8)} ⊳ C(8) ∼= Cℓ(6) ⊃ U(3)ec. (13)
Therefore, what [1] shows is that one generation of leptons and quarks with the
desired symmetries is contained in Cℓ(6)7. Finally, it should be noted that the
action of the Cℓ(6)Dirac+isospin algebra on the ideals is independent of the colors and
the action of U(3)ec.
3 From Cℓ(6) to Cℓ(8) via the inclusion of spin
Here we show that including spin into the Cℓ(6) results reviewed in the previous
section enlarges the algebra of left adjoint actions to Cℓ(8) ∼= C(16). Similarly,
in this framework the minimal left ideals are now enlarged to be column matrices
(pinors) of C(16). There are now 16 minimal left ideals Pi. We will then consider
the left action of Cℓ(8) ∼= C(16) on these minimal left ideals.
Starting with Cℓ(6) ∼= Cℓ(4)Dirac ⊗C Cℓ(2)isospin, we now wish to include the
generators Ji ∈ su(2)spin. As with Cℓ(2)isospin generated from the generators of
su(2)L, so the generators of su(2)spin generate a second factor of Cℓ(2), which we
label Cℓ(2)spin. Taken altogether, this gives Cℓ(8), namely:
Cℓ(4)Dirac ⊗C Cℓ(2)isospin ⊗C Cℓ(2)spin ∼= Cℓ(8)Dirac+isospin+spin. (14)
7A nice zeroth order prediction of the Weinberg mixing angle θW is also there obtained.
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The rows of our representation can be chosen so that the matrix representations
of Cℓ(6)Dirac+isospin ⊂ Cℓ(8)Dirac+isospin+spin found in [1] extend here via a simple direct
sum:
ρ(Γµ) 7→ ρ(Γµ)⊕ ρ(Γµ), ρ(Ti) 7→ ρ(Ti)⊕ ρ(Ti). (15)
In this case the action of Cℓ(6)Dirac+isospin ⊂ Cℓ(8)Dirac+isospin+spin on the minimal left
ideals act irreducibly on the top eight rows of C(16), and the bottom eight rows of
C(16). For this choice of matrix representations, the spin generators are given in
terms of 8× 8 blocks by:
ρ(J1) = ( 0 11 0 ) , ρ(J2) = (
0 −i
i 0 ) , ρ(J3) = (
1 0
0 −1 ) , ρ(J+) = (
0 1
0 0 ) , ρ(J−) = (
0 0
1 0 ) .
This will prove useful when it comes to considering the left action of Cℓ(8) ∼= C(16)
on the minimal left ideals, which determines the transformation properties of each
element of the minimal left ideals.
Physical quantum states correspond to spinors rather than pinors. The Cℓ(8)
spinors are elements of the even Clifford grade part of the algebra: Cℓ+(8) ∼= Cℓ(7) ∼=
C(8)⊕ C(8) ⊂ C(16)8. This means that the physically allowed transformations are
exclusively those that map spinors to spinors. Transformations that map between
pinors and spinors are excluded. The full Cℓ(8) mathematical left adjoint actions
can be symbolically given as
Cℓ(8)Dirac+isospin+spin ⊲ {P1, · · · , P16}. (16)
However, Cℓ(8) includes the unphysical transformations that map between spinor
and pinor spaces.
The left-action weak transformations preserve the spinor spaces and so those
transformations are physical, and allow for the existence of the weak W± and Z0
vector bosons. The spin ladder operators an the other hand do not preserve the
spinor spaces and therefor do not correspond to physically allowed transformations.
No vector bosons associated with J± transformations are observed in nature. For
example, consider
ρ(J+)
(
C(8) 0
0 C(8)
)
=
(
0 C(8)
0 0
)
. (17)
8The algebra Cℓ(7) in relation to a geometric approach to the SM was also considered in [15].
There, the extra four spacelike dimensions are the minimal required to incorporate all the fermions
of one generation into a single spinor. Interestingly, in that work these extra four dimensions for a
basis form the Higgs isodoublet field.
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The maximal left action subalgebra of Cℓ(8)Dirac+isospin+spin that preserves the space
of spinors is therefore Cℓ(7)Dirac+isospin+spin-z ⊂ Cℓ(8)Dirac+isospin+spin where the sub-
script “spin-z” is meant to indicate that the diagonal spinor space preserving J3
generator is kept while the non-spinor-space-preserving J± are not kept
9.
4 Cℓ(8) and the MTIS symmetry group U(4)
Having considered the left adjoint actions in the previous section, we now focus on
the right adjoint actions. We start by writing a Witt basis for Cℓ(8) in terms of the
generators {qi, q†i }, i = 1, 2, 3, 4 which satisfy the algebraic properties
q2i = (q
†
i )
2 = {qi, qj} = {q†i , q†j} = 0, {qi, q†j} = δij , i, j = 1, 2, 3, 4. (18)
The minimal left ideals Pi, i = 1, · · · , 16 of Cℓ(8) can be expressed in terms of
column vectors ρ(Pi) ∈ C(16) ∼= Cℓ(8) as a 16 × 16 matrix (R1, R2) where R1 and
R2 are two 16 × 8 matrices displayed symbolically in Appendix A. As was the case
with C(8), we again see that for C(16), the two diagonal 8× 8 blocks correspond to
the spinors. Here p ≡ q1234q†4321 ≡ q1q2q3q4q†4q†3q†2q†1 ∈ Cℓ+(8), the even subalgebra
of Cℓ(8). We determine the particle identifications for each element by considering
the left action of Cℓ(8)L on the minimal left ideals and the right action of the MTIS
symmetry group generators. To find the MTIS symmetry generators we set
α =
4∑
i=1
ciqi, α
′ =
4∑
i=1
c′iqi, ci, c
′
i ∈ C (19)
9This raises the question of the possible existence of a “spin-z vector boson”. We have identified
the z-component as a Clifford bivector and the other two components as vectors. The same is true
in the weak isospin case. In the weak isospin case the W± bosons exist. Interestingly the physical
Z0 boson does not follow directly from Tz, but mixes with a U(1)Y hypercharge. Tz does not by
itself result in a boson.It could be that there is nothing for Jz to mix with in order to produce a
physical boson.
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and calculate the most general hermitian operator H = α′†α + α†α′. The result is
sixteen generators of the Lie algebra u(4). The MTIS U(4) generators are:
Λ1 = −(q†1q2 + q†2q1), Λ2 = i(q†2q1 − q†1q2),
Λ4 = −(q†3q1 + q†1q3) Λ5 = i(q†3q1 − q†1q3),
Λ6 = −(q†2q3 + q†3q2) Λ7 = i(q†3q2 − q†2q3),
Λ3 = q
†
2q2 − q†1q1, Λ8 =
−1√
3
(q†1q1 + q
†
2q2 − 2q†3q3),
Λ9 = −(q†1q4 + q†4q1), Λ10 = i(q†1q4 − q†4q1), (20)
Λ11 = −(q†2q4 + q†4q2) Λ12 = i(q†2q4 − q†4q2),
Λ13 = −(q†3q4 + q†4q3) Λ14 = i(q†3q4 − q†4q3).
Λ15 ∝ f1q†1q1 + f2q†2q2 + f3q†3q3 + f4q†4q4, fi ∈ R
Q =
1
3
4∑
i=1
q
†
i qi.
The color subgroup SU(3)c ⊂ U(4) is generated by Λ1, · · · ,Λ8. It is readily checked
that q4, q
†
4 commute with this SU(3) subgroup. Hence when it comes to identifying
the color quantum numbers associated with each element of each minimal left ideal,
one can ignore the q4’s and q
†
4’s that are present both explicitly, and also inside
the “vacuum” idempotent p = q1234q
†
1234. For example, suppose we wanted to know
how the state q†1q
†
4pq32 transforms under SU(3)c. We simply calculate [Λi, q
†
14pq32]
for i = 1, · · · , 8. This state turns out to be color red. To see how this works we
illustrate with Λ1:
[Λ1, q
†
14pq32] = 0 + q
†
14q1234q
†
4321q32(q
†
1q2 + q
†
2q1) (21)
= −q†14q1234q†4321q3q†1(q2)2 + q†14q1234q†4321q3(−q†2q2 + 1)q1
= 0 + q†14q1234q
†
4321q3(−q†2q2 + 1)q1
= q†14q1234q
†
43(q
†
2)
2q321 + q
†
14q1234q
†
4321q31
= 0 + q†14q1234q
†
4321q31
= q†14pq31.
Each of the sixteen minimal left ideals of Cℓ(8) is of constant color. By obvious color
labellings the color assignments of the minimal left ideals Pi ∈ Cℓ(8), i = 1, · · · , 16
may be written as:
P1, P
r
2 , P
y
3 , P
b
4 , P5, P
r¯
6 , P
y¯
7 , P
b¯
8 , P9, P
r
10, P
y
11, P
b
12, P13, P
r¯
14, P
y¯
15, P
b¯
16, (22)
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where a lack of superscript means that the ideal transforms as a color (anti)singlet.
With the choice of matrix representation given by the column arrangement as in
(R1, R2), the matrix representations are a simple direct sum extension to that found
in [1] :
ρ(Λi) 7→ ρ(Λi)⊕ ρ(Λi), i = 1, · · · , 8. (23)
The non-electrocolor U(4) transformations, generated by Λ9-Λ15, do not map spinors
to spinors, and are therefore unphysical. The electrocolor subgroup U(3)ec ⊂ U(4) of
U(4) preserves the spinor spaces so those transformations are physical, and in fact,
the electrocolor MTIS subgroup is the maximal subgroup that does so10.
5 Spinors and triality: three generations
In this section we demonstrate that the triality automorphism of Spin(8) extends all
the results from a single generation to exactly three generations. This is the second
main result of this paper.
The basis states of the sixteen minimal left ideals P1, · · · , P16 are elements of the
Clifford-Lipschitz group Pi ∈ Γ(8,C) ⊂ Cℓ(8) which is the group generated by all
invertible s ∈ Cℓ(8):
Γ(8,C) ≡ {s ∈ Cℓ+(8) ∪ Cℓ−(8)|∀x ∈ C8, sxs−1 ∈ C8}. (24)
The normalized subgroup of the Clifford-Lipschitz group Γ(8,C) is the Pin group:
Pin(8,C) ≡ {s ∈ Γ(8,C)|ss˜ = ±1} (25)
where, for a Clifford algebra Cℓ(p, q) with orthonormal basis ei, i = 1....p+ q,
˜: ei1ei2 · · · eim 7→ eim · · · ei2ei1 (26)
is Clifford reversion and u˜v = v˜u˜11. The sixteen minimal left ideals Pi are pinors.
The even subgroup of the Pin group is the Spin group:
Spin(8,C) ≡ Pin(8,C) ∩ Cℓ+(8) = {s ∈ Cℓ+(8)|ss˜ = ±1}. (28)
10The works [24, 25] look at SU∗(4), and a symmetry reduction scheme of the Dirac algebra. In
that context the QCD SU(3) group likewise arises as part of SU(4).
11The Clifford inverse is given by u−1 = u¯
uu¯
, where u¯ is the Clifford conjugate defined as the
composition of Clifford reversion and Clifford grade involution uˆ, defined as
ˆ: 〈u〉
even
→ + 〈u〉
even
, ˆ: 〈u〉
odd
→ −〈u〉
odd
. (27)
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To be consistent with probability conservation in quantum mechanics we require that
ss˜ = +1,
Spin+(8,C) ≡ {s ∈ Cℓ+(8)|ss˜ = 1}. (29)
Physical states should then correspond to spinors in Spin+(8,C). Note that Cℓ
+(8) ∼=
Cℓ(7) ∼= C(8)⊕C(8). Our choice of matrix representations of R1 and R2 makes this
isomorphism easy to picture.
Triality is an automorphism of Spin(8). That is, it is an automorphism of spinors
rather than pinors. We therefore restrict our attention to the spinors, which are the
minimal left ideals Si restricted by setting the coefficients of the odd grade Clifford
elements in the pinors Pi equal to zero. The Cℓ(8) spinors are given symbolically
by the columns of (R1,s, R2,s). R1,s is obtained from R1 by simply setting the last
eight rows (corresponding to odd grade elements) equal to zero. Similarly, R2,s, is
obtained by setting the first eight rows in R2 equal to zero. R1,s and R2,s are shown
symbolically in Appendix A.
5.1 The action of triality on spinors
Triality is a non-linear automorphism of order three. We are interested in the ac-
tion of triality on the spinors of Cℓ(8). The two spinor representations of Spin(8),
S+8 and S
−
8 , as well as the fundamental vector representation V8 are each eight-
dimensional. The action of the triality map on these representations is given by
Trial: {V8, S+8 , S−8 } → {S+8 , S−8 , V8}.
For three 8× 8 matrices A,B,C, given respectively by:
A =


νe,R1 u
r
R1
u
y
R1
ubR1
e+
L1
d¯r¯L1 d¯
y¯
L1
d¯b¯L1
νe,R2 u
r
R2
u
y
R2
ub
R2
e+
L2
d¯r¯
L2
d¯
y¯
L2
d¯b¯
L2
νe,L1 u
r
R1
u
y
L1
ubL1
e+
R1
d¯r¯R1 d¯
y¯
R1
d¯b¯R1
νe,L2 u
r
R2
u
y
L2
ubL2
e+
R2
d¯r¯R2 d¯
y¯
R2
d¯b¯R2
e−
L1
dr
L1
d
y
L1
db
L1
ν¯e,R1 u¯
r¯
R1
u¯
y¯
R1
u¯b¯
R1
e−
L2
drL2 d
y
L2
dbL2 ν¯e,R2 u¯
r¯
R2 u¯
y¯
R2
u¯b¯R2
e−
R1
dr
R1
d
y
R1
db
R1
ν¯e,L1 u¯
r¯
L1
u¯
y¯
L1
u¯b¯
L1
e−
R2
dr
R2
d
y
R2
db
R2
ν¯e,L2 u¯
r¯
L2
u¯
y¯
L2
u¯b¯
L2


, (30)
B =


ντ,R1 t
r
R1
t
y
R1
tb
R1
τ+
L1
b¯r¯
L1
b¯
y¯
L1
b¯b¯
L1
ντ,R2 t
r
R2
t
y
R2
tb
R2
τ+
L2
b¯r¯
L2
b¯
y¯
L2
b¯b¯
L2
ντ,L1 t
r
R1
t
y
L1
tbL1
τ+
R1
b¯r¯R1 b¯
y¯
R1
b¯b¯R1
ντ,L2 t
r
R2
t
y
L2
tb
L2
τ+
R2
b¯r¯
R2
b¯
y¯
R2
b¯b¯
R2
τ−
L1
br
L1
b
y
L1
bb
L1
ν¯τ,R1 t¯
r¯
R1
t¯
y¯
R1
t¯b¯
R1
τ−
L2
brL2 b
y
L2
bbL2 ν¯τ,R2 t¯
r¯
R2 t¯
y¯
R2
t¯b¯R2
τ−
R1
br
R1
b
y
R1
bb
R1
ν¯τ,L1 t¯
r¯
L1
t¯
y¯
L1
t¯b¯
L1
τ−
R2
brR2 b
y
R2
bbR2 ν¯τ,L2 t¯
r¯
L2 t¯
y¯
L2
t¯b¯L2


, (31)
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C =


νµ,R1 c
r
R1
c
y
R1
cb
R1
µ+
L1
s¯r¯
L1
s¯
y¯
L1
s¯b¯
L1
νµ,R2 c
r
R2
c
y
R2
cbR2
µ+
L2
s¯r¯L2 s¯
y¯
L2
s¯b¯L2
νµ,L1 c
r
R1
c
y
L1
cb
L1
µ+
R1
s¯r¯
R1
s¯
y¯
R1
s¯b¯
R1
νµ,L2 c
r
R2
c
y
L2
cb
L2
µ+
R2
s¯r¯
R2
s¯
y¯
R2
s¯b¯
R2
µ−
L1
srL1 s
y
L1
sbL1 ν¯µ,R1 c¯
r¯
R1 c¯
y¯
R1
c¯b¯R1
µ−
L2
sr
L2
s
y
L2
sb
L2
ν¯µ,R2 c¯
r¯
R2
c¯
y¯
R2
c¯b¯
R2
µ−
R1
srR1 s
y
R1
sbR1 ν¯µ,L1 c¯
r¯
L1 c¯
y¯
L1
c¯b¯L1
µ−
R2
sr
R2
s
y
R2
sb
R2
ν¯µ,L2 c¯
r¯
L2
c¯
y¯
L2
c¯b¯
L2


, (32)
the action of triality is as follows [26]:
Trial ( A 00 B ) = (
C 0
0 A ) , Trial (
C 0
0 A ) = (
B 0
0 C ) , Trial (
B 0
0 C ) = (
A 0
0 B ) . (33)
The action of triality on each diagonal C(8) block matrix is to permute through the
different diagonal C(8) block matrices. We may further consider the action of ρ(J3)
on these matrices12. We find that the top 8 × 8 blocks are spin-up and the bottom
blocks are spin-down, which will be accounted for by introducing obvious notation
with up and down arrows:
Trial
(
A↑ 0
0 B↓
)
=
(
C↑ 0
0 A↓
)
, Trial
(
C↑ 0
0 A↓
)
=
(
B↑ 0
0 C↓
)
, Trial
(
B↑ 0
0 C↓
)
=
(
A↑ 0
0 B↓
)
.
(34)
Next consider the respective actions of ρ(J+) ◦Trial and ρ(J−) ◦Trial. For example,
ρ(J+) ◦ Trial
(
A↑ 0
0 B↓
)
=
(
0 A↑
0 0
)
, ρ(J−) ◦ Trial
(
A↑ 0
0 B↓
)
=
(
0 0
C↓ 0
)
. (35)
We can now examine the left actions and right actions of Cℓ(8) on the three matrices
X = A↑ ⊕ B↓,Trial(X) = C↑ ⊕ A↓,Trial ◦ Trial(X) = B↑ ⊕ C↓ ∈ C(8) ⊕ C(8).
These matrices are diagonal 8× 8 block matrices due to the isomorphism Cℓ+(8) ∼=
Cℓ(7) ∼= C(8)⊕C(8). This means that the left and right adjoint actions of Cℓ(8) are
a straightforward direct sum extension13 of the Cℓ(6) left and right adjoint actions
in [1],
C(8) ∋ ρ(Γµ) 7→ ρ(Γµ)⊕ ρ(Γµ) ∈ C(8)⊕ C(8), (36)
C(8) ∋ ρ(Ti) 7→ ρ(Ti)⊕ ρ(Ti) ∈ C(8)⊕ C(8), (37)
C(8) ∋ ρ(Ji) 7→ ρ(Ji)⊕ ρ(Ji) ∈ C(8)⊕ C(8). (38)
For example, the weak generators function as follows on the first double spinors:
ρ(S+1 )⊕ ρ(S−1 ) =


a1 0 0 0 0 0 0 0
a2 0 0 0 0 0 0 0
a3 0 0 0 0 0 0 0
a4 0 0 0 0 0 0 0
a5 0 0 0 0 0 0 0
a6 0 0 0 0 0 0 0
a7 0 0 0 0 0 0 0
a8 0 0 0 0 0 0 0

⊕


b1 0 0 0 0 0 0 0
b2 0 0 0 0 0 0 0
b3 0 0 0 0 0 0 0
b4 0 0 0 0 0 0 0
b5 0 0 0 0 0 0 0
b6 0 0 0 0 0 0 0
b7 0 0 0 0 0 0 0
b8 0 0 0 0 0 0 0

 , (39)
12The action is simply left matrix multiplication by ρ(J3).
13Apart from the action of ρ(Ji) which are not direct sum extensions.
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where the a’s and b’s are complex numbers. We see that
(ρ(T1)⊕ ρ(T1))(ρ(S+1 )⊕ ρ(S−1 )) =


0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
a5 0 0 0 0 0 0 0
a6 0 0 0 0 0 0 0
a3 0 0 0 0 0 0 0
a4 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

⊕


0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
b5 0 0 0 0 0 0 0
b6 0 0 0 0 0 0 0
b3 0 0 0 0 0 0 0
b4 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

 . (40)
Finally, we address the interaction between the actions of triality and the (right
action) MTIS electrocolor symmetry group U(3)ec. The actions are independent.
This is because triality stabilizes the exceptional Lie group G2 pointwise. This means
that for all X ∈ G2 we have Trial(X) = X . Since SU(3)c ⊂ G2 it follows that triality
also stabilizes the color group pointwise. We write:
{ρ(Γµ), ρ(Ti), ρ(J3)} ⊲ {A↑⊕B↓, C↑⊕A↓, B↑⊕C↓} ⊳ {ρ(Λ1), · · · , ρ(Λ8), ρ(Q)}. (41)
5.2 Triality and intergenerational mixing
The action of triality on C(8) permutes through the different diagonal C(8) blocks,
which physically corresponds to permuting through the three generations of fermions.
Because each generation individually transforms as required (both via the left and
right adjoint actions), a linear combination of all three generations will transform in
an equivalent manner. In order to preserve unitarity, these linear combinations have
to be part of a unitary matrix. If we therefore consider two suggestively labeled 3×3
unitary matrices, UPMNS and UCKM, we can then write:
 νe,mνµ,m
ντ,m

 = UPMNS

 νeνµ
ντ

 ,

 d
(i)
s
s
(i)
s
b
(i)
s

 = UCKM

 d(i)s(i)
b(i)

 , (42)
where νe,m, d
(i)
s (i = r, y, b) e.t.c refers to the mixed states. However, in addition to
UPMNS and UCKM giving neutrino and (d, s, b) quark mixing, we can likewise write
down additional mixing matrices for the remaining leptons and quarks. This would
give more general flavour oscillations between (e, µ, τ), (u, c, t) or (d, s, b). We have
therefore shown that general mixing between flavours is possible. Additional in-
sights/restrictions are required in order to obtain observed SM electroweak mixing.
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6 Cℓ(8) as the left adjoint algebra of the complex
sedenions C⊗ S
In a recent paper, we showed that three generations of leptons and quarks with
unbroken gauge symmetry SU(3)c × U(1)em can be described using the algebra of
complexified sedenions C ⊗ S [27]. One may wonder what the connection between
that paper and the current paper is. This section addresses this question.
Cℓ(6) corresponds to the algebra of left (and right) adjoint actions of the complex
octonions C⊗O, and so we write
(C⊗O)L ∼= Cℓ(6). (43)
The algebra of complex octonions C⊗O was first studied in relation to quark sym-
metries in [10, 11]. More recently, this algebra together with its adjoint algebras
Cℓ(6), have also been studied in [17, 28, 29].
If, instead of C⊗O one considers the larger algebra C⊗S, then the left (or right)
adjoint algebra is likewise larger. In fact, now
(C⊗ S)L ∼= Cℓ(8), (44)
with Cℓ(8) being the algebra studied in the present paper. It was shown in [27]
that within Cℓ(8) one can represent three generations of fermions in terms of three
Cℓ(6) subalgebras. These three subalgebras are not independent of one another but
all share a common Cℓ(2) subalgebra. The general basis states of the minimal left
ideals of Cℓ(6) are pinors, not spinors. However, pinors of Cℓ(n) can be regarded as
spinors in Cℓ(n + 1) ∼= Cℓ+(n + 2), and so the Cℓ(6) pinors correspond to physical
states when they are considered in the larger algebra Cℓ(8) = (C⊗ S)L, considered
in the present paper.
A general element A ∈ S can be written in a canonical basis as
A =
15∑
i=0
aiei = a0 +
15∑
i=1
aiei, ai ∈ R, (45)
where the basis elements satisfy the following multiplication rules
e0 = 1, e0ei = eie0 = ei,
e21 = e
2
2 = ... = e
2
15 = −1, (46)
eiej = −δije0 + γkijek,
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and the real structure constants γkij are completely antisymmetric. Because S is a
Cayley-Dickson algebra, one can also write A ∈ S in terms of a pair of complex
octonion O1, O2, together with an anticommuting unit imaginary e8. That is A =
O1+e8O2. Then using the Witt basis {qi, q†i } from Section 2, we can write a minimal
left Cℓ(6) ideal generated via the left adjoint actions of O1, in terms of {qi, q†i }. A
second minimal left Cℓ(6) ideal can be generated from the left adjoint actions of e8O2
in terms of {ri, r†i}, where ri ≡ e8qi. Both of these ideals contain a single generation
of fermions of fixed (but opposite) spin. Each copy of Cℓ(6) can be written in terms
of C(8), and so because
{qi, rj} = {q†i , rj} = {qi, r†j} = 0, (47)
together they can be expressed in terms of C(8) ⊕ C(8). We therefore have two
physically distinct full sets of one generation of elementary fermion states which we
could express in matrix representations in terms of C(8)⊕ C(8).
Furthermore, we observe that
Aut(S) = Aut(O)× S3 (48)
and that S3 is generated by triality [26]. Together with the isomorphism (C⊗ S)L ∼=
Cℓ(8) we find that the action of triality is as given in the previous section, and gives
rise to three generations of fixed spin for the case of Cℓ(6) and three generations
with spin degrees of freedom for the case of Cℓ(8).
For the Cℓ(8) case, only the subset of minimal left ideals contained in Cℓ+(8) ∼=
C(8)⊕C(8) ⊂ C(16) correspond to physical quantum states. An analogous restriction
is required when working with the sedenions. For arbitrary a, b, c, d ∈ C Consider
( a bc d )
(
O1
e8O2
)
=
(
aO1+be8O2
cO1+de8O2
)
. (49)
The requirement of having only spinors states then means that one requires b = c = 0.
In this case the physical spinor space can be thought of as O2, as is evident from the
preceding equation.
7 Concluding remarks
In this paper we have extended earlier work [1] where it was shown that for minimal
left ideals in C(8) ∼= Cℓ(6) one gets one full generation of SM fermion states, albeit
with no spin degrees of freedom. Accounting for the spin degrees of freedom, via the
inclusion of an additional Cℓ(2) algebra, extends the relevant algebra from Cℓ(6) ∼=
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C(8) to Cℓ(8) ∼= C(16). The action of the Cℓ(2)isospin and Cℓ(2)spin factors on the
minimal left ideals of Cℓ(8) is different. Whereas the isospin action preserves spinor
spaces, the ladder spin operators do not.
The general basis states of the minimal left ideals of Cℓ(6) are pinors, not spinors.
However, pinors of Cℓ(n) can be regarded as spinors in Cℓ(n + 1) ∼= Cℓ+(n + 2).
Unlike Cℓ(6), in Cℓ+(8) ∼= Cℓ(7) the minimal left ideals correspond to actual Cℓ(8)
algebraic spinors, S8. The spinor spaces S
±
8 form the double spinor space S
+
8 ⊕S−8 ≡
C(8)⊕C(8) ∼= Cℓ(7) ∼= Cℓ+(8). The S+8 double spinor subspace contains exclusively
spin-up fermion states while the S−8 double spinor subspace contains exclusively spin-
down fermion states.
The left adjoint action of this Cℓ(8) algebra accounts for the Dirac, weak isospin,
and spin degrees of freedom and we write Cℓ(8)L = Cℓ(8)Dirac+isospin+spin. How-
ever, only the spin-z generator Jz preserves the spinor spaces. The spin raising and
lowering operators J± take spinors to pinors, and are thus unphysical. The phys-
ical states, corresponding to Cℓ(8) spinors, are preserved only by the subalgebra
Cℓ(7)Dirac+isospin+spin−z ⊂ Cℓ(8)Dirac+isospin+spin. This explains why one observes phys-
ical W± bosons associated with weak isospin symmetry, but not analogous bosons
for spin symmetry. The lack of an observed boson related to Jz could be the result
of there not being a U(1) generator available to mix with.
The right adjoint action of the Cℓ(8) algebra gives the MTIS symmetry group
U(4). As with the left adjoint actions however, not all U(4) transformations preserve
the spinor space. The electrocolor subgroup U(3)ec ⊂ U(4) of U(4) is the maximal
subgroup that does. This explains why there are only eight gluons in nature.
The physically allowed parts of the left and right adjoint actions of Cℓ(8) therefore
are:
Cℓ(7)Dirac+isospin+spin−z ⊲ {S+1 ⊕ S−1 , · · · , S+8 ⊕ S−8 } ⊳ U(3)ec, (50)
where S+i and S
−
i represent the 8 × 8 spin up and spin down blocks respectively.
These double spinors S+8,i ⊕ S−8,i, i = 1, · · · , 8, can be thought of as elements of O2,
see the last chapter of [26].
Unlike Cℓ(6), the larger algebra Cℓ(8) admits a triality automorphism. This
automorphism of Spin(8) permutes the two spinor and fundamental vector represen-
tations, all three of which are eight-dimensional. We have demonstrated that this
triality automorphism extends all of the results from a single generation of fixed spin
to three generations including spin degrees of freedom.
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Appendix A
Minimal left ideals of Cℓ(8)
R1 =


p pq32 pq13 pq21 pq4321 pq41 pq42 pq43
q
†
23
p q
†
23
pq32 q
†
23
pq13 q
†
23
pq21 q
†
23
pq4321 q
†
23
pq41 q
†
23
pq42 q
†
23
pq43
q
†
31
p q
†
31
pq32 q
†
31
pq13 q
†
31
pq21 q
†
31
pq4321 q
†
31
pq41 q
†
31
pq42 q
†
31
pq43
q
†
12
p q
†
12
pq32 q
†
12
pq13 q
†
12
pq21 q
†
12
pq4321 q
†
12
pq41 q
†
12
pq42 q
†
12
pq43
q
†
1234
p q
†
1234
pq32 q
†
1234
pq13 q
†
1234
pq21 q
†
1234
pq4321 q
†
1234
pq41 q
†
1234
pq42 q
†
1234
pq43
q
†
14
p q
†
14
pq32 q
†
14
pq13 q
†
14
pq21 q
†
14
pq4321 q
†
14
pq41 q
†
14
pq42 q
†
14
pq43
q
†
24
p q
†
24
pq32 q
†
24
pq13 q
†
24
pq21 q
†
24
pq4321 q
†
24
pq41 q
†
24
pq42 q
†
24
pq43
q
†
34
p q
†
34
pq32 q
†
34
pq13 q
†
34
pq21 q
†
34
pq4321 q
†
34
pq41 q
†
34
pq42 q
†
34
pq43
q
†
4
p q
†
4
pq32 q
†
4
pq13 q
†
4
pq21 q
†
4
pq4321 q
†
4
pq41 q
†
4
pq42 q
†
4
pq43
q
†
234
p q
†
234
pq32 q
†
234
pq13 q
†
234
pq21 q
†
234
pq4321 q
†
234
pq41 q
†
234
pq42 q
†
234
pq43
q
†
314
p q
†
314
pq32 q
†
314
pq13 q
†
314
pq21 q
†
314
pq4321 q
†
314
pq41 q
†
314
pq42 q
†
314
pq43
q
†
124
p q
†
124
pq32 q
†
124
pq13 q
†
124
pq21 q
†
124
pq4321 q
†
124
pq41 q
†
124
pq42 q
†
124
pq43
q
†
123
p q
†
123
pq32 q
†
123
pq13 q
†
123
pq21 q
†
123
pq4321 q
†
123
pq41 q
†
123
pq42 q
†
123
pq43
q
†
1
p q
†
1
pq32 q
†
1
pq13 q
†
1
pq21 q
†
1
pq4321 q
†
1
pq41 q
†
1
pq42 q
†
1
pq43
q
†
2
p q
†
2
pq32 q
†
2
pq13 q
†
2
pq21 q
†
2
pq4321 q
†
2
pq41 q
†
2
pq42 q
†
2
pq43
q
†
3
p q
†
3
pq32 q
†
3
pq13 q
†
3
pq21 q
†
3
pq4321 q
†
3
pq41 q
†
3
pq42 q
†
3
pq43


, (51)
R2 =


pq4 pq432 pq413 pq421 pq321 pq1 pq2 pq3
q
†
23
pq4 q
†
23
pq432 q
†
23
pq413 q
†
23
pq421 q
†
23
pq321 q
†
23
pq1 q
†
23
pq2 q
†
23
pq3
q
†
31
pq4 q
†
31
pq432 q
†
31
pq413 q
†
31
pq421 q
†
31
pq321 q
†
31
pq1 q
†
31
pq2 q
†
31
pq3
q
†
12
pq4 q
†
12
pq432 q
†
12
pq413 q
†
12
pq421 q
†
12
pq321 q
†
12
pq1 q
†
12
pq2 q
†
12
pq3
q
†
1234
pq4 q
†
1234
pq432 q
†
1234
pq413 q
†
1234
pq421 q
†
1234
pq321 q
†
1234
pq1 q
†
1234
pq2 q
†
1234
pq3
q
†
14
pq4 q
†
14
pq432 q
†
14
pq413 q
†
14
pq421 q
†
14
pq321 q
†
14
pq1 q
†
14
pq2 q
†
14
pq3
q
†
24
pq4 q
†
24
pq432 q
†
24
pq413 q
†
24
pq421 q
†
24
pq321 q
†
24
pq1 q
†
24
pq2 q
†
24
pq3
q
†
34
pq4 q
†
34
pq432 q
†
34
pq413 q
†
34
pq421 q
†
34
pq321 q
†
34
pq1 q
†
34
pq2 q
†
34
pq3
q
†
4
pq4 q
†
4
pq432 q
†
4
pq413 q
†
4
pq421 q
†
4
pq321 q
†
4
pq1 q
†
4
pq2 q
†
4
pq3
q
†
234
pq4 q
†
234
pq432 q
†
234
pq413 q
†
234
pq421 q
†
234
pq321 q
†
234
pq1 q
†
234
pq2 q
†
234
pq3
q
†
314
pq4 q
†
314
pq432 q
†
314
pq413 q
†
314
pq421 q
†
314
pq321 q
†
314
pq1 q
†
314
pq2 q
†
314
pq3
q
†
124
pq4 q
†
124
pq432 q
†
124
pq413 q
†
124
pq421 q
†
124
pq321 q
†
124
pq1 q
†
124
pq2 q
†
124
pq3
q
†
123
pq4 q
†
123
pq432 q
†
123
pq413 q
†
123
pq421 q
†
123
pq321 q
†
123
pq1 q
†
123
pq2 q
†
123
pq3
q
†
1
pq4 q
†
1
pq432 q
†
1
pq413 q
†
1
pq421 q
†
1
pq321 q
†
1
pq1 q
†
1
pq2 q
†
1
pq3
q
†
2
pq4 q
†
2
pq432 q
†
2
pq413 q
†
2
pq421 q
†
2
pq321 q
†
2
pq1 q
†
2
pq2 q
†
2
pq3
q
†
3
pq4 q
†
3
pq432 q
†
3
pq413 q
†
3
pq421 q
†
3
pq321 q
†
3
pq1 q
†
3
pq2 q
†
3
pq3


, (52)
18
Spinors of Cℓ(8)
R1,s =


p pq32 pq13 pq21 pq4321 pq41 pq42 pq43
q
†
23
p q
†
23
pq32 q
†
23
pq13 q
†
23
pq21 q
†
23
pq4321 q
†
23
pq41 q
†
23
pq42 q
†
23
pq43
q
†
31
p q
†
31
pq32 q
†
31
pq13 q
†
31
pq21 q
†
31
pq4321 q
†
31
pq41 q
†
31
pq42 q
†
31
pq43
q
†
12
p q
†
12
pq32 q
†
12
pq13 q
†
12
pq21 q
†
12
pq4321 q
†
12
pq41 q
†
12
pq42 q
†
12
pq43
q
†
1234
p q
†
1234
pq32 q
†
1234
pq13 q
†
1234
pq21 q
†
1234
pq4321 q
†
1234
pq41 q
†
1234
pq42 q
†
1234
pq43
q
†
14
p q
†
14
pq32 q
†
14
pq13 q
†
14
pq21 q
†
14
pq4321 q
†
14
pq41 q
†
14
pq42 q
†
14
pq43
q
†
24
p q
†
24
pq32 q
†
24
pq13 q
†
24
pq21 q
†
24
pq4321 q
†
24
pq41 q
†
24
pq42 q
†
24
pq43
q
†
34
p q
†
34
pq32 q
†
34
pq13 q
†
34
pq21 q
†
34
pq4321 q
†
34
pq41 q
†
34
pq42 q
†
34
pq43
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


, (53)
R2,s =


0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
q
†
4
pq4 q
†
4
pq432 q
†
4
pq413 q
†
4
pq421 q
†
4
pq321 q
†
4
pq1 q
†
4
pq2 q
†
4
pq3
q
†
234
pq4 q
†
234
pq432 q
†
234
pq413 q
†
234
pq421 q
†
234
pq321 q
†
234
pq1 q
†
234
pq2 q
†
234
pq3
q
†
314
pq4 q
†
314
pq432 q
†
314
pq413 q
†
314
pq421 q
†
314
pq321 q
†
314
pq1 q
†
314
pq2 q
†
314
pq3
q
†
124
pq4 q
†
124
pq432 q
†
124
pq413 q
†
124
pq421 q
†
124
pq321 q
†
124
pq1 q
†
124
pq2 q
†
124
pq3
q
†
123
pq4 q
†
123
pq432 q
†
123
pq413 q
†
123
pq421 q
†
123
pq321 q
†
123
pq1 q
†
123
pq2 q
†
123
pq3
q
†
1
pq4 q
†
1
pq432 q
†
1
pq413 q
†
1
pq421 q
†
1
pq321 q
†
1
pq1 q
†
1
pq2 q
†
1
pq3
q
†
2
pq4 q
†
2
pq432 q
†
2
pq413 q
†
2
pq421 q
†
2
pq321 q
†
2
pq1 q
†
2
pq2 q
†
2
pq3
q
†
3
pq4 q
†
3
pq432 q
†
3
pq413 q
†
3
pq421 q
†
3
pq321 q
†
3
pq1 q
†
3
pq2 q
†
3
pq3


, (54)
19
Full pinor spaces
P1 ≡


ν
↑
e,R1
u
r↑
R1
u
y↑
R1
u
b↑
R1
e
+↑
L1
d¯
r¯↑
L1
d¯
y¯↑
L1
d¯
b¯↑
L1
ν
↑
τ,R1
t
r↑
R1
t
y↑
R1
t
b↑
R1
τ
+↑
L1
b¯
r¯↑
L1
b¯
y¯↑
L1
b¯
b¯↑
L1
ν
↑
e,R2
u
r↑
R2
u
y↑
R2
u
b↑
R2
e
+↑
L2
d¯
r¯↑
L2
d¯
y¯↑
L2
d¯
b¯↑
L2
ν
↑
τ,R2
t
r↑
R2
t
y↑
R2
t
b↑
R2
τ
+↑
L2
b¯
r¯↑
L2
b¯
y¯↑
L2
b¯
b¯↑
L2
ν
↑
e,L1
u
r↑
R1
u
y↑
L1
u
b↑
L1
e
+↑
R1
d¯
r¯↑
R1
d¯
y¯↑
R1
d¯
b¯↑
R1
ν
↑
τ,L1
t
r↑
R1
t
y↑
L1
t
b↑
L1
τ
+↑
R1
b¯
r¯↑
R1
b¯
y¯↑
R1
b¯
b¯↑
R1
ν
↑
e,L2
u
r↑
R2
u
y↑
L2
u
b↑
L2
e
+↑
R2
d¯
r¯↑
R2
d¯
y¯↑
R2
d¯
b¯↑
R2
ν
↑
τ,L2
t
r↑
R2
t
y↑
L2
t
b↑
L2
τ
+↑
R2
b¯
r¯↑
R2
b¯
y¯↑
R2
b¯
b¯↑
R2
e
−↑
L1
d
r↑
L1
d
y↑
L1
d
b↑
L1
ν¯
↑
e,R1
u¯
r¯↑
R1
u¯
y¯↑
R1
u¯
b¯↑
R1
τ
−↑
L1
b
r↑
L1
b
y↑
L1
b
b↑
L1
ν¯
↑
τ,R1
t¯
r¯↑
R1
t¯
y¯↑
R1
t¯
b¯↑
R1
e
−↑
L2
d
r↑
L2
d
y↑
L2
d
b↑
L2
ν¯
↑
e,R2
u¯
r¯↑
R2
u¯
y¯↑
R2
u¯
b¯↑
R2
τ
−↑
L2
b
r↑
L2
b
y↑
L2
b
b↑
L2
ν¯
↑
τ,R2
t¯
r¯↑
R2
t¯
y¯↑
R2
t¯
b¯↑
R2
e
−↑
R1
d
r↑
R1
d
y↑
R1
d
b↑
R1
ν¯
↑
e,L1
u¯
r¯↑
L1
u¯
y¯↑
L1
u¯
b¯↑
L1
τ
−↑
R1
b
r↑
R1
b
y↑
R1
b
b↑
R1
ν¯
↑
τ,L1
t¯
r¯↑
L1
t¯
y¯↑
L1
t¯
b¯↑
L1
e
−↑
R2
d
r↑
R2
d
y↑
R2
d
b↑
R2
ν¯
↑
e,L2
u¯
r¯↑
L2
u¯
y¯↑
L2
u¯
b¯↑
L2
τ
−↑
R2
b
r↑
R2
b
y↑
R2
b
b↑
R2
ν¯
↑
τ,L2
t¯
r¯↑
L2
t¯
y¯↑
L2
t¯
b¯↑
L2
ν
↓
e,R1
u
r↓
R1
u
y↓
R1
u
b↓
R1
e
+↓
L1
d¯
r¯↓
L1
d¯
y¯↓
L1
d¯
b¯↓
L1
ν
↓
τ,R1
t
r↓
R1
t
y↓
R1
t
b↓
R1
τ
+↓
L1
b¯
r¯↓
L1
b¯
y¯↓
L1
b¯
b¯↓
L1
ν
↓
e,R2
u
r↓
R2
u
y↓
R2
u
b↓
R2
e
+↓
L2
d¯
r¯↓
L2
d¯
y¯↓
L2
d¯
b¯↓
L2
ν
↓
τ,R2
t
r↓
R2
t
y↓
R2
t
b↓
R2
τ
+↓
L2
b¯
r¯↓
L2
b¯
y¯↓
L2
b¯
b¯↓
L2
ν
↓
e,L1
u
r↓
R1
u
y↓
L1
u
b↓
L1
e
+↓
R1
d¯
r¯↓
R1
d¯
y¯↓
R1
d¯
b¯↓
R1
ν
↓
τ,L1
t
r↓
R1
t
y↓
L1
t
b↓
L1
τ
+↓
R1
b¯
r¯↓
R1
b¯
y¯↓
R1
b¯
b¯↓
R1
ν
↓
e,L2
u
r↓
R2
u
y↓
L2
u
b↓
L2
e
+↓
R2
d¯
r¯↓
R2
d¯
y¯↓
R2
d¯
b¯↓
R2
ν
↓
τ,L2
t
r↓
R2
t
y↓
L2
t
b↓
L2
τ
+↓
R2
b¯
r¯↓
R2
b¯
y¯↓
R2
b¯
b¯↓
R2
e
−↓
L1
d
r↓
L1
d
y↓
L1
d
b↓
L1
ν¯
↓
e,R1
u¯
r¯↓
R1
u¯
y¯↓
R1
u¯
b¯↓
R1
τ
−↓
L1
b
r↓
L1
b
y↓
L1
b
b↓
L1
ν¯
↓
τ,R1
t¯
r¯↓
R1
t¯
y¯↓
R1
t¯
b¯↓
R1
e
−↓
L2
d
r↓
L2
d
y↓
L2
d
b↓
L2
ν¯
↓
e,R2
u¯
r¯↓
R2
u¯
y¯↓
R2
u¯
b¯↓
R2
τ
−↓
L2
b
r↓
L2
b
y↓
L2
b
b↓
L2
ν¯
↓
τ,R2
t¯
r¯↓
R2
t¯
y¯↓
R2
t¯
b¯↓
R2
e
−↓
R1
d
r↓
R1
d
y↓
R1
d
b↓
R1
ν¯
↓
e,L1
u¯
r¯↓
L1
u¯
y¯↓
L1
u¯
b¯↓
L1
τ
−↓
R1
b
r↓
R1
b
y↓
R1
b
b↓
R1
ν¯
↓
τ,L1
t¯
r¯↓
L1
t¯
y¯↓
L1
t¯
b¯↓
L1
e
−↓
R2
d
r↓
R2
d
y↓
R2
d
b↓
R2
ν¯
↓
e,L2
u¯
r¯↓
L2
u¯
y¯↓
L2
u¯
b¯↓
L2
τ
−↓
R2
b
r↓
R2
b
y↓
R2
b
b↓
R2
ν¯
↓
τ,L2
t¯
r¯↓
L2
t¯
y¯↓
L2
t¯
b¯↓
L2


, (55)
P2 ≡


ν
↑
µ,R1
c
r↑
R1
c
y↑
R1
c
b↑
R1
µ
+↑
L1
s¯
r¯↑
L1
s¯
y¯↑
L1
s¯
b¯↑
L1
ν
↑
e,R1
u
r↑
R1
u
y↑
R1
u
b↑
R1
e
+↑
L1
d¯
r¯↑
L1
d¯
y¯↑
L1
d¯
b¯↑
L1
ν
↑
µ,R2
c
r↑
R2
c
y↑
R2
c
b↑
R2
µ
+↑
L2
s¯
r¯↑
L2
s¯
y¯↑
L2
s¯
b¯↑
L2
ν
↑
e,R2
u
r↑
R2
u
y↑
R2
u
b↑
R2
e
+↑
L2
d¯
r¯↑
L2
d¯
y¯↑
L2
d¯
b¯↑
L2
ν
↑
µ,L1
c
r↑
R1
c
y↑
L1
c
b↑
L1
µ
+↑
R1
s¯
r¯↑
R1
s¯
y¯↑
R1
s¯
b¯↑
R1
ν
↑
e,L1
u
r↑
R1
u
y↑
L1
u
b↑
L1
e
+↑
R1
d¯
r¯↑
R1
d¯
y¯↑
R1
d¯
b¯↑
R1
ν
↑
µ,L2
c
r↑
R2
c
y↑
L2
c
b↑
L2
µ
+↑
R2
s¯
r¯↑
R2
s¯
y¯↑
R2
s¯
b¯↑
R2
ν
↑
e,L2
u
r↑
R2
u
y↑
L2
u
b↑
L2
e
+↑
R2
d¯
r¯↑
R2
d¯
y¯↑
R2
d¯
b¯↑
R2
µ
−↑
L1
s
r↑
L1
s
y↑
L1
s
b↑
L1
ν¯
↑
µ,R1
c¯
r¯↑
R1
c¯
y¯↑
R1
c¯
b¯↑
R1
e
−↑
L1
d
r↑
L1
d
y↑
L1
d
b↑
L1
ν¯
↑
e,R1
u¯
r¯↑
R1
u¯
y¯↑
R1
u¯
b¯↑
R1
µ
−↑
L2
s
r↑
L2
s
y↑
L2
s
b↑
L2
ν¯
↑
µ,R2
c¯
r¯↑
R2
c¯
y¯↑
R2
c¯
b¯↑
R2
e
−↑
L2
d
r↑
L2
d
y↑
L2
d
b↑
L2
ν¯
↑
e,R2
u¯
r¯↑
R2
u¯
y¯↑
R2
u¯
b¯↑
R2
µ
−↑
R1
s
r↑
R1
s
y↑
R1
s
b↑
R1
ν¯
↑
µ,L1
c¯
r¯↑
L1
c¯
y¯↑
L1
c¯
b¯↑
L1
e
−↑
R1
d
r↑
R1
d
y↑
R1
d
b↑
R1
ν¯
↑
e,L1
u¯
r¯↑
L1
u¯
y¯↑
L1
u¯
b¯↑
L1
µ
−↑
R2
s
r↑
R2
s
y↑
R2
s
b↑
R2
ν¯
↑
µ,L2
c¯
r¯↑
L2
c¯
y¯↑
L2
c¯
b¯↑
L2
e
−↑
R2
d
r↑
R2
d
y↑
R2
d
b↑
R2
ν¯
↑
e,L2
u¯
r¯↑
L2
u¯
y¯↑
L2
u¯
b¯↑
L2
ν
↓
µ,R1
c
r↓
R1
c
y↓
R1
c
b↓
R1
µ
+↓
L1
s¯
r¯↓
L1
s¯
y¯↓
L1
s¯
b¯↓
L1
ν
↓
e,R1
u
r↓
R1
u
y↓
R1
u
b↓
R1
e
+↓
L1
d¯
r¯↓
L1
d¯
y¯↓
L1
d¯
b¯↓
L1
ν
↓
µ,R2
c
r↓
R2
c
y↓
R2
c
b↓
R2
µ
+↓
L2
s¯
r¯↓
L2
s¯
y¯↓
L2
s¯
b¯↓
L2
ν
↓
e,R2
u
r↓
R2
u
y↓
R2
u
b↓
R2
e
+↓
L2
d¯
r¯↓
L2
d¯
y¯↓
L2
d¯
b¯↓
L2
ν
↓
µ,L1
c
r↓
R1
c
y↓
L1
c
b↓
L1
µ
+↓
R1
s¯
r¯↓
R1
s¯
y¯↓
R1
s¯
b¯↓
R1
ν
↓
e,L1
u
r↓
R1
u
y↓
L1
u
b↓
L1
e
+↓
R1
d¯
r¯↓
R1
d¯
y¯↓
R1
d¯
b¯↓
R1
ν
↓
µ,L2
c
r↓
R2
c
y↓
L2
c
b↓
L2
µ
+↓
R2
s¯
r¯↓
R2
s¯
y¯↓
R2
s¯
b¯↓
R2
ν
↓
e,L2
u
r↓
R2
u
y↓
L2
u
b↓
L2
e
+↓
R2
d¯
r¯↓
R2
d¯
y¯↓
R2
d¯
b¯↓
R2
µ
−↓
L1
s
r↓
L1
s
y↓
L1
s
b↓
L1
ν¯
↓
µ,R1
c¯
r¯↓
R1
c¯
y¯↓
R1
c¯
b¯↓
R1
e
−↓
L1
d
r↓
L1
d
y↓
L1
d
b↓
L1
ν¯
↓
e,R1
u¯
r¯↓
R1
u¯
y¯↓
R1
u¯
b¯↓
R1
µ
−↓
L2
s
r↓
L2
s
y↓
L2
s
b↓
L2
ν¯
↓
µ,R2
c¯
r¯↓
R2
c¯
y¯↓
R2
c¯
b¯↓
R2
e
−↓
L2
d
r↓
L2
d
y↓
L2
d
b↓
L2
ν¯
↓
e,R2
u¯
r¯↓
R2
u¯
y¯↓
R2
u¯
b¯↓
R2
µ
−↓
R1
s
r↓
R1
s
y↓
R1
s
b↓
R1
ν¯
↓
µ,L1
c¯
r¯↓
L1
c¯
y¯↓
L1
c¯
b¯↓
L1
e
−↓
R1
d
r↓
R1
d
y↓
R1
d
b↓
R1
ν¯
↓
e,L1
u¯
r¯↓
L1
u¯
y¯↓
L1
u¯
b¯↓
L1
µ
−↓
R2
s
r↓
R2
s
y↓
R2
s
b↓
R2
ν¯
↓
µ,L2
c¯
r¯↓
L2
c¯
y¯↓
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